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ABSTRACT
In this work we review, in the framework of the so-called brick wall model, the
divergence problem arising in the one loop calculations of various thermodynamical
quantities, like entropy, internal energy and heat capacity. Particularly, we nd
that, imposing that entanglement entropy to be equal Bekenstein-Hawking one,
the model gives inconsistent results.
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1. Introduction
Recently it was proposed to explain the dynamical origin of black hole entropy
S
bh
by identifying it with entanglement entropy S
ent
[1].
One of the puzzles related with this kind of interpretation is the so called divergence
problem. Entanglement entropy is not nite at the black hole horizon [1] [2], in
order to compute that it is necessary to introduce a kind of regularization, by
imposing either an ultraviolet cut-o [1,2] or a renormalization of gravitational
coupling constant and of constants related to second order curvature terms [3].
Indeed the rst idea of entanglement entropy was implicitly proposed by `t Hooft
in 1985 [4] in the framework of his \brick wall model". In a certain sense cut-
o dependent models [1,2] are up to date versions of the former. One of the
problems `t Hooft proposed in his seminal work was the divergence of not only










M . So matter contribution to internal energy appears to be a very
consistent fraction of the black hole massM . As `t Hooft underlined, this is a signal
for a strong backreaction eect, not a good aim for a model based on semiclassical
(negligible backreaction) approximation.
We shall show that the same problem is present in the model of Barvinsky, Frolov
and Zelnikov (BFZ) [2] and that one also nds a surprising behaviour of heat-
capacity.
2
2. Free Energy and Internal Energy
In BFZ work entropy is computed from global vacuum density matrix by trac-
ing over the degrees of freedom of matter outside the black hole. In so doing one
obtains a mixed state density matrix for matter inside the black hole.









^ = j	ih	j (2:2)




i) are the external (internal) states of
matter (a massless scalar eld for simplicity) on the black hole xed background.
Tracing over j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is a normalization factor xed in order to obtain tr = 1, but it also






















2(cosh !   1)

(2:4)
where !^ is the operator associated with the frequency of eld's modes.
3
BFZ calculate the entanglement entropy as the trace over the external modes of
the density matrix 
int
, so their calculation is relative to the internal degrees of
freedom. Instead, in the common denition of entanglement entropy, one usually
refers to the trace over the internal degrees of freedom. In the following, we shall
show that, given the symmetry existing in BFZ study between internal and external
variables, the two denitions of entanglement entropy coincide. Besides, given
the relation existing between Thermoeld Dynamics and BFZ,
1
we can use the
\external" quantities, as dened below, to calculate free energy and internal energy
relative to the external eld.



























































































































































1 See for example Jacobson [5].
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can be identied with the product F relative to the eld degrees of
freedom external to the horizon.















and (2.9) imply that not only there is no clash between BFZ and Bombelli, Koul,
Lee and Sorkin [8] denition of entanglement entropy, but moreover that \simmetry
theorem" is generalizable to other thermodynamical quantities, like internal energy
and heat capacity.
In what follows, we refer always to the \external" quantities.
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where we used the property ln detA = tr lnA.
As BFZ we calculate the expression below by expanding all the functions (x) in
terms of eigenfunctions R




































denotes the sum over all quantum numbers, g
00
is the timelike compo-











































(r) are the radial eigenfunctions. We are interested in the behaviour
of  








































is the radius of the box in which we have to put the black hole to
regularize infrared divergences.
To compute the second integral we have to subtract the zero-point term from
(2.14). We nd the following leading term near the horizon:
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where the cut{o is dened as h  Inf(r   2M). For the internal energy and the































































The entropy in (2.20) is exactly the same than in BFZ. The cut-o xing necessary
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The same result is found if one calculates U and F with heat kernel expansion
truncated to the rst De Witt coecient and if one uses a WKB approximation as
`t Hooft [4].
We note that exactly the same results could be obtained obviously by using  

relative to the \internal elds". We think that the high symmetry in the variables
internal{external, that is the property Frolov [9] calls duality, is related to a very
special feature of BFZ's model. In fact in this case we are dening \external"
and \internal" thermodynamical quantities on the asymptotical at regions of the
Eistein{Rosen bridge. Simmetry theorem is just the statment of the impossibility,
for an observer which \lives" in one of these regions to descriminate in what of the
two he is.
8
3. Heat Capacity of black hole
We now want to show the behaviour of black hole heat capacity in brick wall
model, when one takes into account of one loop matter contribution.














































We will discuss this result in the next section.
2 It is possible to obtain the same value from `t Hooft results [4] with a simple computation
using his internal energy.
9
The same value can also be found by using well-known results [10] for thermo-
dynamical quantities for a conformally coupled scalar eld in a static space-time
at nite temperature. In ref. [10] a high temperature expansion, in terms of the
































































To get S = A=4 = 4M
2
we have to x (as `t Hooft) h  720M . We can now






















Here we have used (3.6).
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From our analysis, we deduce that the interpretation of black hole entropy as
entanglement entropy brings to problematic results for internal energy and heat
capacity. The internal energy, as `t Hooft remarked, is of the same order of mag-
nitude of black hole mass: at this point one must question the applicability of
the assumption of the negligible back-reaction. Even if one neglects this problem,
we still nd that the one loop contribute of matter to black hole heat capacity is
positive and so it would stabilize the black hole . This seem inconsistent because
the quantum correction is in this case bigger than its classical counterpart. This
kind of result for the heat capacity could be more plausible if we would have in the
gravitational action quadratic terms in the curvature tensor, but this is not our
case. Our results can be interpreted in the framework of brick wall models either
as a prove of the inconsistence of the identication of the entanglement entropy
with the Bekenstein-Hawking one, or as a \warning bell" of a structural problem
embedded in the brick-wall approach to black hole thermodynamics. The diver-
gences on the black hole horizon, typical of the entanglement entropy framework,
can be dealt with either by making an ad hoc xing of the brick wall cut-o, or by
renormalization of the gravitational constants proposing the modication of the
gravitational action [3] (introducing second order terms in the curvature tensor)
which leads to a form for the black hole entropy dierent from the classical, geomet-
rical, one S = A=4G. Then our results can be taken as a strong indication against
11
the rst approach, suggesting for the second one a more systematic investigation
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